Visualisation is an important part of the cognitive process in mathematics. Pedagogicalpsychological theoretical frameworks concerning cognitive processes consider perception and visualisation as basic conditions for the creation of correct mental imagery. This study examined visualisation as a key factor in the development of geometric concepts for pupils in primary and lower secondary education. The study has empirical-applicational characteristics. The results of research on Slovakian students regarding geometric concepts about rectangles and squares are described. The research sample consisted of two groups of pupils in the 4th grade (primary level) and 9th grade (lower secondary level). The comparison of results between the two groups enabled the identification of several misconceptions made by pupils regarding rectangles and several suggestions are included for educational interventions based on static and dynamic visualisation models.
Introduction
The visualisation of geometric terms and procedures is an important element in the process of creation of geometric conceptions. Basic pedagogical and psychological cognitive models, which have been enhanced to provide descriptions of cognitive processes in mathematics or geometry, indicate the relevance of visualisation processes. Based on the results of the present study on the geometrical conceptions of Slovakian pupils in the 4th grade of primary school and the 9th grade, and their comparison, we identified the most frequent misconceptions regarding planar shapes. On-going misconceptions were found in themes regarding rectangles, squares and their properties. Thus, in this study, real and virtual education models that have the potential to create desirable conditions for the creation of tangible conceptions or for the correction of misconceptions of geometric terms and their properties were established (see also Žilková et al., 2018) .
experiences. The specification of geometric terms is also based first on manipulation with concrete models and non-models of geometric terms creating conditions for the creation of abstract representation of terms (generic model) later on. For a child, the generic model is also a concrete representative of a certain group of isolated models. Abstract conceptions about geometric terms are no longer connected with a concrete model but integrate all important elements and properties of a given term. Thus, visualisation is more a representation of the stages of motivation, isolated models and generic models within TGM.
Teachers working in the school environment seldom use interactive approaches during the introduction of geometric notions. Haptic and virtual manipulation can help pupils understand these geometric notions. Manipulative activities are oriented towards giving pupils experience with several selected plane shapes in different positions and different magnitudes. It is important that the personal and figural concepts (Fischbein, 1993) are not connected to only one model of a particular shape (for example in the standard size).
One of the best known theories regarding the development of geometric terms is the van Hiele model of geometric thinking. Pierre van Hiele (1986, 1999) observed and defined five different levels of geometric thinking of individuals: visualisation, analysis, abstraction, deduction and rigour. Each level has its own characteristic expressions based on those that can identify the level of geometric thinking of a child. The van Hiele theory has been validated in previous studies and elaborated on with the goal of providing supportive evidence, complete characteristics of levels and suggesting educational interventions (e.g. Al-ebous, 2016; Burger, Shaughnessy, 1986; Clements, Swaminathan et al., 1999; C ontay, Paksu, 2012; Crowley, 1987; Erdogan, Dur, 2014; Feza, Webb, 2005; Knight, 2006; Mason, 2002; Mayberry, 1983; Musser et al., 2001; Usiskin, 1982; Van de Walle, 2001) .
In our study, the importance of visualisation during the process of development of geometric terms is evident directly from the name of the zero van Hiele level. According to the van Hiele theory, the level of visualisation is characterised by the fact that a child is able to identify a geometric shape based on its visual prototype. This level is not typical of a child's own thinking but is important within the entire process. It creates conditions for another level of analysis within which one is able to distinguish important elements and properties of geometric shapes. If the provision of experiences on both levels during the educational process is omitted then the child does not have the opportunity to develop geometric thinking in more abstract forms. Educational implications of the van Hiele theory follow the phases of the instructional cycle: information, guided orientation, explication, free orientation and integration during the teaching of geometry. Details and experiences with the phases of the instructional cycle have been described in previous studies (e.g. Al-ebous, 2016; Crowley, 1987; Dongwi, 2014; Mason, 2002; Usiskin, 1982) .
Jirotková (2010) provides reasons for the importance of visual imagery and states that the core of geometry is the relationship between geometric objects. Simultaneously, the conception regarding geometric objects is created in the mind via visual and tactile imagery.
When dealing with the theme of visualisation, the theory of French psychologist Duval (1995) must be mentioned, who identified reasons "why" and "how" geometry should be learnt or taught in schools. He formulated three types of cognitive processes that must be supported within the development of geometric thinking:
A) Visualisation processes in which transparent visual illustrations or representations of geometric propositions (e.g. pictures, graphs, symbols) are present; heuristic exploration of a complex geometric situation. B) Construction processes include the use of construction tools (e.g. ruler, bow compass or dynamic software programs) for solving a geometric situation, thus creating a geometric model based on certain conditions. C) Argumentation processes mean specific logic discursive processes for the generalisation and development of knowledge, explanation, reasoning and proofs.
These three processes may occur separately but they are also closely linked together and synergic, that is, according to Duval (1998), cognitively indispensable for acquiring geometric knowledge. Visualising means summoning up a mental image of something-seeing it in your mind (Using visualization in maths teaching, 2018a, 2018b).
From the above stated theoretical cognitive models, it is evident that visualisation determines the creation of correct geometric conceptions. Therefore, it is important to implement the correct, most effective and age appropriate choice of visual models to access geometric terms within the teaching of geometry.
Research basis: conceptions of Slovakian pupils regarding rectangles Mathematical terminology in Slovakia is different from foreign terminology in the definitions of some concepts. In Slovakian school mathematics there are several exclusive definitions. Many pupils during their mathematics education for the entire primary level have not had any experience with the notion of a "rectangle". Some teachers actively use the notions of oblong and square and they do not use the common notion, i.e. "the rectangle" for this type of shape. Other teachers do use the notion "rectangle"; however, this concept isnot included in the Slovakian national curriculum. The oblong is defined, such as a parallelogram, which is not a square and every inner angle is a right angle. The square is defined as a regular quadrilateral. For this reason, it is difficult to adapt research tools from overseas to the Slovakian conditions in the relevant form, which makes it difficult to compare research results from Slovakia and abroad. Therefore, we must consider the specific terminological conditions of each country.
From 2015 to 2017 we investigated the level of knowledge in geometry of pupils in different age groups within the project VEGA (Scientific Grant Agency of the Ministry of Education, Science, Research and Sport of the Slovak Republic and the Slovak Academy of Sciences) and APVV (Slovak Research and Development Agency). In the present study, we focused only on the description of selected results of the research concerning geometric conceptions of pupils regarding rectangles and those that have connection with the visual concepts of pupils. The results from the present study inspired the creation of educational interventions focused on the correction of long-lasting misconceptions about rectangles. The aim of the present study was to determine what misconceptions pupils have in primary schools about geometric shapes, identify the most common misconceptions and determine whether these misconceptions are minimised during the geometric education process or whether they persist because of their fixity and stability. The research sample was split into two subsamples. One subsample consisted of approximately 345 pupils in the 4 th grade from 26 primary schools and approximately 10 years of age (52.5 % boys and 47.5 % girls). This subsample was a convenience sample from north and northeast Slovakian schools. Pupils solved the test of their mathematical knowledge. Administrators were trained in the organization of this test and at each of the 26 schools the administrator arranged the correctness of the data.
The second subsample consisted of 738 Slovakian pupils from the 9th grade of primary schools or the 4th grade of 8-years secondary schools (15 years old pupils, upper secondary level). The pupils were approximately 14-15 years old and 52 % were boys. This was a representative sample. The members of the research team personally administrated the objectiveness of the sampled data at every selected school without the influence of the teachers of the tested pupils.
To determine the conceptions of pupils in the 4th grade of primary school about geometric shapes and their properties, we used our non-standardised knowledge test. The conception content of the test agrees with the actual content and performance standards of the National Educational Programme (2009) and also with the Innovated National Educational Programme for Primary Education (2015) in Mathematics and work with information. These types of research tools have been applied in previous studies (for example Burger, Shaughnessy, 1986; Clements, Sarama, 2014; Hannibal, 1999; Levenson et al., 2011 and others) . Some of the tasks of our test inspiration were obtained from research by the Erikson Institute (2013). Tasks on our test respected Slovakian educational conditions.
To determine the conceptions of the 15-year old pupils we used a component of van Hiele's test created for the needs of the Cognitive Development and Achievement in Secondary School Geometry (1982) project by Zalman Usiskin * (see Usiskin (1982) ). We added five of our own tasks to obtain more accurate results because of the differences in national terminology.
The following section describes the most important results from both studied groups concerning the conceptions of pupils about rectangles in the context of visualisation, focussing on * "Copyright ©1980 by the University of Chicago. Reprinted with permission of the University of Chicago (Prof. Z. Usiskin)." comparable and age accurate tasks used in both groups. The most frequent problems in the identification of rectangles in both groups of pupils are specified and the types of problems and misconceptions common to both groups are discussed. When determining the common problems among these groups, it was expected that the early misconceptions of pupils would be stable during their learning at both the primary and lower secondary levels. Teacher should determine educational interventions and teaching activities that eliminate the creation of these misconceptions during the early stages of the pupils' cognitive processes.
We aimed to identify the concepts of plane figures that exist for pupils in the 4th and 9th grades and whether the educational interventions of teachers in the lower secondary level eliminate the misconceptions about these plane figures. Some models of rectangles in rotated or other nonstandard positions are difficult for pupils to comprehend; thus, teachers should make suitable educational interventions in these cases.
The tasks aimed at squares for the van Hiele's level of visualisation (tasks L1.1, L1.4, S1.1 and S1.2) and the analyses that contained comparable items (tasks L2.1 and S2.8) are listed in Table 1 . The tasks that are denoted with the letter L are from the original test prepared by Zalman Usiskin and the tasks denoted with the letter S are from our test. The formulation of the tasks L1.1 and S 1.1 was different for the different groups of pupils. We focused on whether the pupils in both groups had the ability to identify squares. Those pupils in the 9th grade had the possibility of choosing the square because they already knew this shape; thus, we wanted to examine the ability of the pupils in the 4th grade to identify squares.
However, some tasks for these two groups of pupils were not comparable, thus we determined these via parallels in the cognitive process for pupils from both groups. For example, if the task L1.1 is oriented to the identification of squares, then we evaluate in the task S1.1 for purposes of our study only the shapes that are squares. Therefore, in task L1.1 the possibility B responds to the possibility G in task S1.1. The percentage share of answers for each possible answer in tasks L1.1 and L1.4 for pupils in the 9th grade are shown in Table 2 . The correct answer for both tasks was B. Code 'NA' represents the situation when a pupil did not answer the task or chose multiple answers. If we compare the correct answer (G) chosen by the 4th graders for task S1.1 and the correct answer (B) chosen by the 9th graders for task L1.1, then approximately 92 % was obtained in both groups, with the percentage obtained by the 9th graders higher than that of the 4th graders.
We also compared the ability to identify a square in the rotated position-the square in task L1.4 (shape G identified by 75.5 % of 9th graders) and the square in task S1.1 (shape A identified by 54.8 % of 4th graders)-by the 4th and 9th graders. Both these tasks verified the level of knowledge of 9th graders in the identification of squares. Task L1.1 was relatively simple for the 9th graders, with 92.3% of pupils answering correctly and none of the pupils choosing answer E. Distractors A and C were also not very popular. The correct answer in task L1.4 was B; however, only 75.5 % of 9th graders chose this answer. A popular distractor for pupils was answer D (11 %); therefore, the pupils identified the rhombus 'I' as a square. Approximately 6 % of pupils chose distractor A; therefore, they were unable to identify a square in the rotated position.
For comparison, we chose the results of analogous tasks and comparable items from the test of pupils in the 4th grade, which are shown in Table 3 . The lowest success rate of 4th graders was in the identification of models of squares in which the diagonals were in a horizontal-vertical position. The success rate for task S1.2-B was 51 %; therefore, 49 % of the 4th graders identified a rhombus as a square. The term 'perpendicularity' is not present in the national curriculum or in mathematics textbooks for primary education and pupils do not encounter this exact property (only as an intuition). Therefore, they probably thought that the rhombus in S1.2-B was a shape that was a quadrilateral and had all sides equal, with these characteristics for a 4th grader being enough for the identification of the shape as a square. Table 3 . Success rate of correct answers of pupils in the 4th grade-identification of a square at the visualisation level Shape S1.1-A S1.1-G S1.2-A S1.2-B S1.2-K S1. Active knowledge of terminology was expected from the 4th graders in task S1.1. Pupils should in this task be able to name the shapes of the figure (see task S1.1 in Table 1 ). If we formulate the task in this way (i.e. active terminology), then this task is much more difficult than the task where the pupils work only with passive terminology. Therefore, the results from this task were expected to be worse than the results from task S1.2.
If we compare the results between tasks S1.1-A and S1.2-K, than this is true, which is the same if we compare the results between tasks S1.1-G and S1.2-M. Pupils found it more difficult to write the name of the shape than to identify the shape according to its name.
Comparing the results between tasks S1.2-A and S1.2-K, the measure of the rotation of certain shapes influenced the pupils' ability to identify the name of the shape. A smaller angle of rotation ensured greater success for pupils when identifying these shapes.
Comparing the results from the analogous parts of tasks for pupils in the 4 th and 9 th grades at the van Hiele's level of visualisation (tasks L1.1, L1.4, S1.1 and S1.2) we observed an expected increase in correct answers for the 9 th graders. However, in both groups there was a lower success rate for the identification of squares that did not have their sides in the horizontal-vertical position. Thus, the degree of rotation of the square affected the ability of the pupils to identify the squares. The most difficult shape to identify for both groups were those squares that had their diagonals in the horizontal-vertical position.
The percentage share of answers of 9th graders for all possible answers to task L2.1 are listed in Table 4 . The correct answer for this task was B. Table 4 shows that the correct answer regarding the properties of a square was chosen by only 46 % of 9th graders. This is a relatively poor result given that the task only tested simple properties and relationships in squares. A relatively popular distractor was answer C, with approximately 24 % of 9th graders denoting that the opposite sides of a square are perpendicular. We were unable to determine whether the mistake was real or not, i.e. whether the pupils confused the terms perpendicular and parallel or whether it was really a misconception.
Two distractors, answers A and D, focused on verification of the ability of pupils to compare the length of a side and a diagonal in a square. Pupils in the 9th grade considered these lengths to be the same in approximately 12 % (distractor A) and 15 % (distractor D) of cases. Therefore, more than a quarter of tested 9th graders chose either distractor A or D as the correct answer, and thus they believed that the lengths of a side and a diagonal in the square are the same. The formulation of the task for the 4th graders was different from the formulation of the task for the 9th graders. For the 4th graders, we verified whether they knew the basic terms concerning squares (e.g. side, diagonal, adjacent and opposite sides) and we also included the properties about the length of the side and diagonal of a square. The adjustment of this task was required because Slovakian 4th graders do not know the property 'perpendicular' because it is not included in the national curriculum.
The percentage of answers of 4th graders for the statements A to G in task S2.8 (the last row in Table 1 ) are shown in Table 5 . Approximately 80 %-90 % of 4th graders knew the basic elements of a square (e.g. side, diagonal and adjacent sides) and they knew the property about the equal length of the sides of a square. A total of 75 % of the 4th graders also knew the term 'opposite sides' (distractor D) . Approximately 55 % of the 4th graders thought that the length of the side and the diagonal in a square was the same. Comparing the results of 4th and 9th graders showed that the most difficult item for both groups was to decide about the length of a side and diagonal in a square. The success rate for 9 th graders for this item was higher than the success rate for 4th graders, which was expected, although misconceptions were identified in more than a quarter of 9th graders. 
A) S only B) T only C)
S and T only D) S and U only E) All are oblongs S1.4 Circle which shapes are not oblongs.
In Table 6 , the tasks at the van Hiele level of visualisation focused on oblongs (tasks L1.3 and S1.4). (Remark: in the Slovakian version of the original task L1.3 of the van Hiele test the word 'rectangle' was replaced by the word 'oblong' that means rectangle, i.e. is not a square. The reason for this replacement is the different national terminology.)
The percentage share of answers for the 9th graders for task L1.3 are shown in Table 7 . The correct answer was answer C. The identification of an oblong at a visualisation level was not difficult for the 9th graders, although 5.56 % thought that the oblong was the shape that had its sides in the horizontal-vertical position (distractor A). Table 7 . Percentage share of answers of 9 th graders for task L1.3
5.56 0.54 92.28 0.68 0.81 0.14 The oblongs in task S1.4 were the shapes E, K and M, with the success rate of pupils in the 4th grade choosing these shapes shown in Table 8 . Table 8 . Success rate of 4th graders choosing shapes E, K and M for task S1.4 2 The term rectangles in the test by prof. Usiskin has been replaced by the term oblongs because the national terminology and national curriculum in Slovakia is different than English terminology and we remarked this fact in the beginning of the part 3. Comparing the results between the 4th and 9th graders in the task that focused on the identification of an oblong based on a picture showed that the conceptions of both groups were comparable. We did not find any significant progress in 9th graders compared to 4th graders.
Because 9th graders understood the term 'rectangle', we gave them one more task where we tested which shapes were understood by them as being a rectangle.
Task: Which shape in the picture is a rectangle? A) Only L. B) Only K and N. C) Only L and M. D) Only K, L and M. E) All of them are rectangles. Table 9 shows the percentage share of answers of 9th graders to all possible answers of this task. The correct answer, C, was chosen by only 40.51 % of pupils. A high percentage of pupils chose distractor E as their answer; therefore, 26.56 % of 9th graders considered all shapes in the picture as being rectangles. Results showed that pupils in the 9th grade did not have an exact conception about the term 'rectangle'. They often considered planar shapes that had at least one right angle as being rectangles. The cause of this may be the fact that 9th graders have problems with understanding the quantifier in the definition of rectangle (i.e. rectangle is a planar shape that has all inner angles as right angles) or they have created a misconception of what is and what is not a rectangle at the level of visualisation.
Findings and Discussion
Following is a summary of the problems obtained for pupils in the 4th and 9th grades in understanding the terms 'rectangle' and 'square':
 A problem with the identification of a square in the context of its position. The position of a square had an effect on its identification, especially for 4th graders. The degree of rotation was also an important attribute. A square, whose diagonals are in the horizontal-vertical position, was the most difficult to identify for both groups. Thus, we propose educational interventions in the set of activities for pupils where they can manipulate squares and work with rotated squares.
 A problem with the distinction between squares and rhombuses. A model of a rhombus was denoted as a square by 46 % of 4th graders and 11 % of 9th graders. Educational interventions to assist with this problem should include specific haptic and virtual activities. Pupils should obtain experiences with squares and rhombuses, and thus determine the differences between these shapes, as well as their common properties.
 A problem with conceptions about the length of a side and diagonal of a square. Pupils considered that the side and diagonal of a square were equal. These conceptions were shown in 55 % of 4th graders and 27 % of 9th graders. It is important to implement into mathematics lessons more activities oriented to recognise the different properties of squares and their important elements.
 A problem with conceptions about the term rectangle. Only 41 % of 9th graders were able to identify a rectangle at the level of visualisation (the term rectangle could not be examined in 4th graders because it is not a part of the national curriculum). This result is connected to the use of the term "rectangle" in Slovakian school mathematics. Thus, activities should be devoted to inquiry activities for pupils, which allow them to find inclusive relationships between squares and rectangles and also the relationships between oblongs and rectangles.
Our findings correspond with the results of other research studies (for example Burger, Shaughnessy, 1986; Clements, Sarama, 2014; Clements et al., 1999; Levenson et al., 2011 and many others) .
However, the studied pupils, i.e. 4th graders and 9th graders, have different educational surroundings, and we observed analogous problems in geometrical thinking by both groups. We expect that the incorrect concepts created in the younger school age pupils influence geometrical thinking of adults (also in future teachers of mathematics at the different types of schools). Žilková (2013) identified analogous problems by students in her study-future teachers at pre-primary and primary level. She argued that their misconceptions are very stable and very difficult to eliminate. Some roots of these problems are the creation of false concepts during early childhood, and an insufficient number of suitable educational interventions from teachers at school.
A study by Erdogan and Dur (2014) showed that "the preservice mathematics teachers' knowledge of quadrilaterals learnt at primary-secondary school level and prototypical images were dominant in their personal figural concepts". Their findings underline the fact that prototypical images affected their personal figural concepts. The same findings have been shown in studies by Marchis (2012) and C ontay and Paksu (2012).
One possible reason for the creation of a false conception by pupils is insufficient educational intervention from teachers oriented to the manipulation and working with different models of shapes in different figural, positional and metrical variations. The goal of these interventions is to support the visual perceptions of pupils, which can enable better identification of shapes as planar figures that are represented not only via their prototypes. The results of the study by Clements et al. (1999) introduced the term "pre-recognition level" in the cognitive development of pupils. This study detected the fact that pupils describe shapes based on visual forms and it was possible to see individual differences in the argumentation of different pupils.
Our research did not aim to formulate any final meanings regarding pupils' thinking about geometrical shapes, which is a limitation of our research tool. We attempted to recognise some problems with the identification of shapes that were common in 4th and 9th graders. These findings are important for the educational environment because the identification of problems in the learning process provides the potential for solving these problems. The following section proposes several traditional and non-traditional educational interventions that have the potential to improve conceptions about geometric terms and relationships in rectangles.
Educational interventions: reflection on research findings via perception activities and dynamic visualisation models
The results of the present study showed problems associated with the misconceptions of pupils regarding rectangles and squares. Early education intervention may help to change misconceptions or to improve established conceptions. Therefore, mathematics teachers must include activities into their educational processes that help eliminate existing or potential problems.
In the previous section, we analysed the content of pupils' answers in two groups containing 4th and 9th graders. We identified the most common misconceptions in these two groups of pupils. In the following section, we will focus on proposals of particular activities for mathematics teachers that can help in the elimination of the above formulated misconceptions. An important role in the presentation of these educational visualisation activities is the use of appropriate software programs (e.g. GeoGebra).
In both groups of pupils, a problem with the identification of squares in non-standard positions (not with sides in a horizontal and vertical position) was seen; thus, it is necessary to create an educational environment in which pupils may encounter models of squares in different positions. For example, it is possible to use a real or virtual geoboard to model squares of different sizes and in different positions. The aim of these activities is for pupils to realise that the change of the square's position does not mean a qualitative change in shape to another shape (i.e. a square does not stop being a square). This is shown in the following tasks, with solutions illustrated in Figure 1a and 1b.
Task 1. Model two squares on the geoboard such that their common parts are a triangle. Task 2. Model two squares on the geoboard such that their common parts are a square. The aim of teaching mathematics effectively is to reflect the different needs, abilities and interests of the pupils. Therefore, we recommend that a diversity of environments be used in which the activities occur. Supplementing activities from different environments ensure that the conceptions of pupils are specified. To model a square in the geoboard may be a simple activity for a particular pupil but the same task undertaken in another environment (e.g. square paper) may cause him/her problems. For another student, this might be the opposite. These observational results were collected directly during research on pupils in primary education. Therefore, an alternative task was undertaken that aimed to investigate the properties of a square after changing its position, for example, a task performed in a dynamic geometry environment or on a (virtual or printed) square grid ( Figure 2) .
Task 3. Draw in the square grid (using the GeoGebra software program) different squares that have vertices in grid points of a square grid. To determine other properties that are involved in the process of distinguishing between squares and oblongs, it is possible to use traditional methods characteristic of mainly lower age groups of children, such as paper folding. A pupil in a lower grade is able to fold and cut a sheet of paper to create a square. In principle, this is a learnt algorithm without reasoning the sequence of instructions. In higher grades, it is necessary to discuss the reasoning behind the algorithm, thus reasoning each step involved in the folding and cutting (Figure 3) . It is possible to investigate the difference between rectangles and other parallelograms using a real model composed of wooden sticks connected with rivets ( Figure 4 ). This model enables changing of the size of the inner angles of the parallelograms. This model can not only distinguish between models and non-models of oblongs but it also creates situations for realising the inclusive relationship between rectangles and parallelograms.
Fig. 4. Illustration of a real model used to distinguish between rectangles and parallelograms
We were able to formulate analogous problems in the dynamic geometry environment. Manipulation of interactive and dynamic applets (Figures 5a-5c ), in which the position and metric properties of shape could be changed, enabled us to examine not only the properties of individual shapes but also the inclusive relationships between sets of shapes. Experimenting with the position of points or with the length of line segments that form the boundary of a quadrilateral allows the pupil the opportunity to examine the properties of the entire class of quadrilaterals, simulate different situations and answer questions or tasks such as: "Is every oblong a parallelogram? Is every square a parallelogram? Is every rhombus a parallelogram?" In the mentioned examples, a model from a class of rhombus is created such that changing position and metric properties might lead to the creation of a model of a square as a special type of rhombus. Similarly, a model from a class of rectangles can be constructed so that manipulating the vertices of the parallelogram leads to the visualisation of any type of parallelogram (e.g. square, rhombus, oblong, rhomboid). The interaction in the applet concerning rectangles allows the opportunity to model and manipulate oblongs and squares in different positions. In interactive models for older pupils, we recommend also visualising the metric properties (e.g. length of sides, size of angles; Figures 6a and 6b ).
An appropriate applet for distinguishing between models and non-models of rectangles is one in which the sizes of all inner angles of polygons are visualised (Figure 7) . It is possible to modify this applet for models and non-models of rectangles if we position rectangles and other shapes, where we explain the relationships between their basic elements (e.g. relationships between sides and their length, size of inner angles etc.), into the square grid. These activities may be similarly modelled on a geoboard. The results from testing the 4th and 9th graders showed that pupils from the 5th to the 9th grade are insufficiently familiarised with the relationships between basic elements of a square, such as the sides and diagonals. The majority of tested pupils in the 9th grade considered the length of the side and the diagonal of a square as being the same. To eliminate these misconceptions, it is possible to use an applet (Figure 8 ) that enables the comparison of the lengths of line segments SQ and SP (diagonal and side of a square) using motion of the point Q1. Analogous activity may be undertaken with the use of point P1 and by comparing the lengths of line segments RP and RS. By moving points S and R it is possible to continuously change the length of the side RS and also its position in the plane. Thus, it is possible to show pupils that the length and position of the diagonals of a square PQRS are perpendicular, all the inner angles are right angles and the sides are of equal length. The majority of the tested pupils in the 9th grade had problems with the terms perpendicularity and parallelism of line segments, with only 24 % of these pupils denoting that opposite sides of a square are perpendicular. Thus, we can use an applet in which the work with the square is realised on square ground (Figure 9 ). Points R and S can be moved to grid points on the geoboard to create different squares PQRS. In all cases, the line segments PS and QR are parallel. It is appropriate to combine this activity with a concrete manipulative activity on a real geoboard. Fig. 9 . Square PQRS on geoboard Source: https://www.geogebra.org/m/mwmv3f4r
Conclusion
The results of testing pupils in the 4th and 9th grades (primary level, lower secondary level) showed some misconceptions exist regarding geometric terms and properties despite education. One of the on-going misconceptions is the identification of squares that do not have sides in a vertical and horizontal position. For both groups of pupils, such squares were difficult to identify. It was also shown that a low level of knowledge existed regarding the relationships between basic elements of rectangles (e.g. sides, diagonals) throughout school years, particularly with the comparison of the lengths of sides, diagonals, angles between them, and their perpendicularity and parallelism. Pupils in the 4th and 9th grades also showed decreased abilities to identify rectangles that were not squares. A similar problem was found when distinguishing between squares and rhombuses. Moreover, the 9th graders showed a low ability to distinguish between quadrilaterals that were rectangles and those that were not.
Our research findings led to the projection of activities focused on educational intervention in teaching about rectangles. The aim of the prepared activities and applets presented in the present study was to reduce the misconceptions by pupils about rectangles using dynamic visualisation. These activities focused on visualisation using appropriate educational software programs that should be supported with the use of other activities that utilise real models and appropriate manipulative activities. The more different stimuli and environments a teacher can offer, the earlier the enhancement of their students' geometric conceptions can occur. In ideal cases, pupils would participate in the creation of real and virtual models (for example through project education), which support constructivist approaches in education with an emphasis on enquiry education. As mentioned previously, Duval (1998) discusses the synergy of three processes that are essential for the development of geometric thinking. The suggested manipulative and virtual activities or applets create an educational environment in which visual, constructional and argumentative processes supplement and support each other.
If we want to increase the level of geometric thinking of pupils, it is necessary to personalise education based on the abilities, needs and interests of pupils. Such personalisation may be supported by multiple visual methods shown in the present study. To ensure that this visualisation in education is effective, the choice of the method of visualisation of geometric terms, relationships and construction procedures is subject to the personal educational styles of the pupils and their preferences.
